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Limit Examples 2

(L’Hopital’s Rule)
Simply reading these will not help you. You should work them out
for yourself, filling in any gaps, looking up facts about functions as
needed, and so on. That is, you need to think your way through them.

sin 3x

Find lim .
z—0 I COS T

Check this has indeterminate form 8. Thus, L’Hopital’s Rule applies.

. sin3x . (sin3z) , 3 cos 3z
lim ——— =lim — =lim ———
20 xcosr =0 (rcosx)  @—0cosx —xsinw
_ 3cosO 3 5
cos0—0 1-0
Or, you could use the “old way”.
3 in 3 1 1
lim " = 3lim " . lim —— =3-1.~ =3
=0 T COS T =0 3xr  2—0CosT 1
1 —
Find lim — 7
y—0 Yy

Check this has indeterminate form 8. Thus, L’Hopital’s Rule applies.

1— 1— ! 1
i £ 008Y _ gy (Lmcosy)l sty
y—0 Yy y—0 (y)' y—0 1
—1
Find Tim * =31
x—1 1 — ]_

Although this has the indeterminate form % we cannot use L’Hopital’s Rule

since the numerator is not differentiable. However, we obverse that for x > 1
we have % = 1, while for x < 1 we have % = —1. Therefore, the limit as

x — 17 is 1, while the limit as x — 17 is —1. See graph below. Hence, the
limit as * — 1 does not exist.

Tt
Find lim cos .
t—0 cos 3t

The limit is just 1 = 1.



. ... sinTt
(5) Find lg% vy

Check this has indeterminate form %. Thus, L’Hopital’s Rule applies.

sin7t . (sin7t)) . TcosTt T-1
im — = lim — = lim =
t=0sin3t  t=0 (sin3t)) t=03cos3t 3-1

—7/3.

Or, you could do this one the “old way”.
: : . ;
sin 7t . 7sin7t 3t 7 i S0 Tt . 3 7 11=7/3

130 Sin3t  t50 7t 3sindt 3150 7t t50sin3t 3

(6) Find lim 22 — 5

=500 ln(l—%) '

This has indeterminate form 2 since arctan(z) — 7/2 as * — oo and
In(1) = 0. Thus, L’Hopital’s Rule applies. The algebra will be a little tricky.

arctan(z) — 3 . (arctan(z) — J)’ ’ :c++1 -0
m —2= = = lim &=—~——
T—00 ln(l — %) T—00 (ln(l — %))’ T—00 1,1l . #
1 2 2 1 1
7 T¢—zx ¢ —r -3 - = 1-0
— lim “2L — lim = lim -x—f:hm 915: =
T—00 g T—00 T2 +1 r—00 T2 +1 = z—oo | + = 1+0

) . sin2z
(7) Find P sinh3z

Check this has indeterminate form %. Thus, L’Hopital’s Rule applies.
in 2 in2z)’ 2 cos 2 2cos0
sin 2z . (sin2z) , cos 2z cos 2/3

20 sinh3z 250 (sinh3z)’ =03 cosh3z " 3cosh0

(8) Find }jl_)n}(a: — 1) tan(mwx/2).

Check this has indeterminate form 0 - (+00). In order to apply L’Hopital’s

‘T —
Rule we rewrite this as lim —————. This has indeterminate form g. Then
z—1 cot(mx/2)

5 x—1 y (x — 1) lim 1
im——— =lim————— = =
z=1 cot(mx/2)  2—1 (cot(mx/2))  2—1 —m/2 - csc?(mx/2)

2 2 2
—Z limsin?(rz/2) = —= -sin*(7/2) = —=.
T x—1 ™ T

(9) Find Tim 22 =2)

a2t cotmr



Check this has indeterminate form —>*. Thus, L’Hopital’s Rule applies.

1 .
lim 111(:10——2) = lim M — lim -2 _ 1 lim sin? .
z—2t  COLTE z—2F (COt 7755')’ 2+ —TCse2 T Tzt 1 — 2

This has indeterminate form %. Thus, we may apply L’Hopital’s Rule again.

1 lim (sin? rx)’ _ 1 lim 2w sin wx cosTE —9.0.1=0.
a2t (v —2) T z—2+ 1
2 —3z+1

When we plug in z = 3 we get }1 = —1. If you tried to use L’Hopital’s
Rule you would get the wrong answer.

Insecp

(11) Find })1_% o

Check this has indeterminate form %, since Insec0 = Inl1 = 0. Thus,
L’Hopital’s Rule applies.
1

Insecp .. (Ilnsecp) . secp S€Cptanp
11m —2 = 111 T = ]11um -—=
p—=0 p p—0 (p ) p—0 2p
t 1 i 1 1
im P _ 2 gy 0P =—-1-1=1/2
p—0 2p 2p=0 p cosp 2
3
(12) Find lim ——°".
T COST

3

Check this has indeterminate form %, since cos %

Thus, L’Hopital’s Rule applies.

and cos 3 are both 0.

cos3:v_ —3sin3x:3‘sin3§:3'—_1:_3‘

11m = l1m pon

z—% cosT  z—%F —sinx sin 5 1

Or, you could use the formula cos(a + b) = cosacosb — sinasinb, twice, to

show that cos 3z = —3 cosx + 4 cos® z. Then the limit becomes

-3 4 cos?
lim cosT + 4o leim —3+4cos2x:—3+4cosﬁ:—3+4-O:—3.
s cos T =T 2

1 1
(13) Find lim — —

a—0x sinz

This has indeterminate form oo — oo. The following algebraic trick will be
used.



(14)

(15)

1 1
a—b=1-1="7
a b

Thus,
o1 1 . sinx —«x
lim — — — = lim ———.
z=0x sinx =0 zsinz

This has indeterminate form %. We apply L'Hopital’s Rule.

. sinx—x . (sinz—z) cosx — 1
lim — =lm——%>=lim——.
e=>0 xsinz 20 (rsinz)’  2-0sinz + xcosx

This still has indeterminate form 8. We apply L'Hopital’s Rule again.
(cosz — 1) —sinx -0

lim — - = lim - = =0.
2=0 (sinx + xcosx) 2—02cosx —xsine  2—0

1 1
Find lim - —
z=0e® —1

This has indeterminate form oo — co. We use the same algebraic trick as
above. Thus,

1 1 . xz—(e"—1)

im ——=1
z—0 e — 1 x  xz=0 x(ex — 1)
This has indeterminate form %. We apply L’Hopital’s Rule.

lim (x—(e"—1))" . 1—e®

20 (z(e® — 1))  a20e® — 1+ ze?’

This still has indeterminate form %. We apply L'Hopital’s Rule again.

, (1 —e€") , —e” —e? 1
lim = lim = =
=0 (e — 1+ ze®)  a-02e® + xe®  2e0+0 2

Find lim z%. Check that this has indeterminate form 0°. Let L = lim z%.
r—0Tt z—0t

Then

InL=1Inlim z°* = lim Inz* = lim zIlnz.
z—0t z—0* r—0t

This has indeterminate form 0(—o0). We can rewrite it as

. . Inz
lim rlnz = lim ——.
z—0t z—0t P
Now it has indeterminate form —>*. We apply L’Hopital’s Rule.
Inz Inz) 1
lim — = i (1):lim%:lim—x:0.
z—0t = z—07F (—)/ z—0t — z—07t
xX X x

Thus, InL =0,s0 L =1.



(16) Find lim (tanz)©"®. Check that the indeterminate form is oc®. Let L =

T —
IE—>2

lim (tanz)©*®. Then
T35

InL=1In lim (tanz)*® = lim In(tanz)** = lim (cosz)In(tan ).

™= jus =
Ty Ty Ty

This has indeterminate form 0 - co. But, we can rewrite this last limit as

In(t
lim (cosz)lIn(tanz) = lim M.
—— 23-  SeCT

This has indeterminate form 2. Now we can apply L'Hopital’s Rule.

2

lim In(tan z) o (In(tanz))’ o e
z—I-  Secw e—z—  (secx) e secTtanx
secr COST 1
= lim . = lim —;

a— I tan?z coszx pox— SIDTZ
2 cosT

COS & 0
= lim T = = 0.
=T~ sin“ x 1

Thus, InL =0,s0 L =1.
(17) Find im(1 + 3z)2
z—0

Method I: Check that the indeterminate form is 1*°. Let L = lim(1 +3x)ﬁ

z—0
Then
; L 1 In(1
InL = Inlim(1 4 3z)% = lim In(1 + 32)% = lim — In(1 + 3z) = lim n(1l+ Sm).
z—0 z—0 z—0 21 z—0 21

Now, the indeterminate form is % and we may apply L’Hopital’s Rule.

In(1+3 In(1 + 3z)) == S
li 20 E32) o A +30) Tes D0 g
x—0 Qx x—0 (Qx)/ x—0 2 2

This, In L = 3/2, so L = e2.

Method II: Recall that by definition e = 111%(1 + a:)% Let y = 3z and note

that as x — 0 we have that y — 0. Therefore,
3

. L 2 . 1?2
91612(1)(1—1-3@2 hm(l—i—y) —(igr(l)(l—i—y)y) — ez,

N



(18) Find lim cothu — cot .

u—0

Check this has indeterminate form oo — oco. You can show that
tanwu — tanh u

lim cothu — cot u = lim )
u—0 u—0 tanwutanhu

This has indeterminate form %. We apply L'Hopital’s Rule.

tanu —tanhwu . (tanw —tanhu) sec? u — sech® u

im im .
u—0 tanwutanhu u—0 (tanwtanhu)’ u=0 sec? u tanh u + tan u sech® u

This still has indeterminate form %. Applying L'Hopital’s Rule now would be
very messy. Instead we do the following.

sec?u — sech® u cos?ucosh’u . cosh?u — cos?u

im . = lim — - .
u—0 sec? u tanh u + tan usech? v cos2uwcosh?wu  w—0 sinh u cosh u 4 sin u cos u
This still has indeterminate form %. Now we apply L’Hopital’s Rule.

cosh? u — cos? u _ (cosh? u — cos? u)’

1m — N . : /
u—0 sinh u coshu + sinwcosu  u—0 (sinh u cosh u + sinu cos )

2 cosh usinh u + 2 cosusinu 0 0
m 2 9 2 2, 9
u—0 cosh” u + sinh” © + cos? u — sin® u




