Vector Calculus Differential Identities

Let f and g be scalar functions in three variables, (z,y,z). Let F = (Fy, I, F3)
and G = (G1, Ga, G3) be vector fields over R?. Let 7 = (9,, 0y, d,). Then we make
the following definitions.

o rad f = Vf = (0.f,0,f,0.f).

o divF = F=0,F+0,F+0.Fs.

o cwtl F = x F = (8,F — 0,F5,0.F) — 0,Fy, 0,F5 — 0, F}).

o Vif = (VSf)=0uf +0yf+0..f (It is called the Laplacian.)
o V°F = (/2 Fy, /2 Fy, /2 F3). (Vector field Laplacian.)

o (F-0)f = (F\0, + 28, + F30.)f = Fi,f + B0, f + F30.f.

o (F.-v)G = (F10,G1, F50,G3, F30,Gs3).
Then we have the following identities, provided the relavent derivatives exist and
are continuous.

(1) v(f+9)=vf+ Vs

(2) v(fg) = (Vg + f(v9).
B)v - F+G) =v-F+v-G.
4) vx(F+G)=vxF+vxG.
G)vVEF -G)=F v)G+ (G- VF+Fx(vxG)+Gx (v xF).
6) v-(fF)=v/f-F+f(v-F).
(M vEXxG)=G-(vxF)—F: (v xG).
8) v- (Vv xF)=0.

(9) v x (fF) =vf xF+ f(v x F).
(10) v x (FxG) =F(V-G) - G(V-F) + (G- V)F - (F-v)G.
(11) v x (vf)=0.

(12) v x (Vv x F) =v(v - F) - V°F.

(13) v - (Vf x vg) =0.
Reference: Foundations of Electromagnetic Theory, by Reitz and Milford, 2°¢ edi-
tion, Addison-Wesley, 1967.



