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Vectors. a-b = |a||b|cosf, |axb|=]al|b|sinf, proj,b= <|a|2) a, comp,b= a®
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The directional derivative of f(z,y, z) in the direction of a unit vector u is Dy f = v f - u.

Curves. If y = f(z) the arc length of the graph from z =atox =bis L = / V1+[f 2dx.
If a curve C' is given by r(t) = (z(t), y(t), 2(t)) for a <t < b, then the arc length is

dt = /\/ (1)]2 + [2/())2 dt.

If f(z,y, z) is a density function the line integral of f along C is

dsf
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If F(x,y, 2) is a vector field the work done by F in moving an object along C is

b b
/F-Tds:/F~dr/dt /F o .
C a |dr/dt| a dt
If F = (P,Q, R) some people write this as [ F-dr = fc Pdx+Qdy+ Rdz. If C is a closed loop this is also
called the circulation.

If F is conservative, that is if 57 X F = 0, then there is a scalar function f such that F = 7 f and by the
Fundamental Theorem of Line Integrals

dr
dt

/ F - Tds = f(end point) — f(start point).
c

Further, if C'is a closed loop we have §, F - Tds = 0.
The unit tangent, unit normal and unit binormal vectors to C' are
r'(t) T'(t) .
T(t) = , N()= , B(t) = T(t) x N(¢) and the curvature is x(t) =
v/ (t)] T (2)]
Let v(t) =1r/(t), v = |v(t)|] and a(t) = r”(¢). Then a = arT + ayN, where

oy LT @ xr()]
v o)

v’ (t)]
Surfaces. Let z = f(z,y) be a smooth surface S with f,(a,b) = fy(a,b) = 0. Let D = for fyy — f2,.
all evaluated at = a, y = b. Then D > 0 & f,, > 0 implies f(a,b) is a local minimum, D > 0 & f, <0
implies f(a,b) is a local maximum, and D < 0 implies f(a,b) is a saddle point.
The surface area of S, given byz = f(z,y), over some domain D in the zy-plane is

where dA might be dx dy, or dy dx; or you can convert to polar: rdrdf or rdf dr.
If a surface S is give by a parameterization r(u,v) = (z(u,v),y(u,v), z(u,v)) where (u,v) is over some
domain D in uwv-space, then the surface area is

//dS:/ |ry X 1,|dA,
s D

where dA = du dv, dv du, or you may wish to convert to to some other coordinates.
A special case we did was when the surface is a sphere of radius R centered at the origin. Then

[e'(t) x £"(1)]
e (£)]?

lrg x ry| = R*sin ¢,

and dA = df d¢ or d¢ db.
If g(x,y, 2) is a density function then the surface integral of g over S is

//SgdSZ//Dg(x,yJ(x,y)) L+ [fo]? + [f,]2 dA

when S is determined by z = f(z,y). In the other cases, modify dS as above and compute ¢ in terms of
whatever variables you are using.



If F is a vector field the flux of F through S is given by // F-NdS.

S
Here N is a unit normal vector to the surface S. If S is given by z = f(x,y) then

N = £ (fo fy =) /14 ()2 + ()2
In the case that the surface is given as a level surface, h(z,y, z) = a constant then
vh
|7 Al

When S is the sphere, 22 + y% + 22 = R?, you can use N = + (z,y,2) /R and dS = R?sin ¢ df do.

You compute F - N and then do the integration just like a standard surface integral.

Stokes’ Theorem. Let S be a surface with boundary C' and let F be a vector field. The circulation
around C' is the net result of the curl of F over S. That is

fCF~Tds:/ (v xF)-NdS.

Green’s Theorem. In the zy-plane, if F = (A, B), then Stokes’ Theorem reduces to

fF Tds_// — Ay, dA.

The Divergence Theorem. Let S be a surface that encloses a finite region R in R3. Then the flux
out through S is the net result of the divergence of F through out R. That is

//SF~NdS://Rv~FdV,

where dV is drdydz, rdrdfdz, p?sin¢dpdepdf, or permutations of these, depending on the coordinate
system you have chosen.
Moments and Gyrations in the plane. Let D be a region in the plane with density function p(x,y).

o m=//Dp(fc7y)dA M, //ypxy M, //mpxy

T =

N=+—-— ;but | 7 | need not equal |r,, X r,|; you still have to parameterize S.

y—i
m m

where m is the mass, M, is the moment with respect to the z-axis, M, is the moment with respect to the
y-axis, and (Z,7) is the center of mass. Also,

1
I—//ypxy I—//xpxy Iy =1, + I, R, = EO’

where I, is the moment of inertia with respect to the z-axis, I,is the moment of inertia with respect to the
y-axis, Iy is the moment of inertia with respect to the origin, and R, is the radius of gyration with respect
to the origin.

Moments and Gyrations in 3-space. Let R be a region in R? and let p(x,y, 2) be a density function.
Then

m= /// p(z,y,2)dV M, = ///a:pxy, YAV M, = ///ypxy, YAV My, = ///szy, v

7= M, 7= M. 7 = y
m m m
where m is the mass, M, is the moment with respect to the z-axis, M. is the moment with respect to the

y-axis, My, is the moment with respect to the z-axis and (%, 7, %) is the center of mass. Also,

I, =///R(y2+22)p(x,y,2)d‘/ I, :///R(:v2+22)p(x,y,Z)dV I, =///R(zZ+y2)p(x7y,Z) av

I,
Ry = p
where I, is the moment of inertia with respect to the z-axis, I, is the moment of inertia with respect to the
y-axis, I, is the moment of inertia with respect to the z-axis, and R, is the radius of gyration with respect
to the z-axis.
The kinetic energy from linear motion is %va. The kinetic energy from rotation is %I w?, where w is the

angular velocity and I is the moment of inertia about the axis of revolution.




