Math 305 Quiz 2 Fall 2012

Name: Section time:
NONGRAPHING CALCULATORS ALLOWED

(1) [10 points each] Find the general solution to each of the following.
Solve for the dependent variable if possible.
(a) ysec? x + (tanx)y = 0.

Solution. This is exact and seperable (in fact all separable examples

are exact - why?). Let M = ysec?x and N = tanz. Then M, =

sec?z and N, = sec? z. It is easy to get 1) = ytanz. So, the general

solution is ytanz = C' or y = C cot x.
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anxr

To use the separable method start with % =

need
/1dy:—/8602xdx
Y tanx

For the righthnad side let v = tanx. Then

In|y| = —In|tanz| + C = In|cot x| + C.
And,
y = texp(In|cot z| + C) = e - | cot z|.
So,
y=Ccot X

as before. (We can choose C so that we don’t need the absolute
value of the cotangent since we know the solution has to be smooth,
that is differentiable.) O

(®) ¥ +y*Inz =0.

Solution. This is separable. We get

/y_2dy: —/lnxdm: —(zlnz —z+ C).

Thus,
—1/y=—(zlnzx —z+C).
So,

1

y:xlnx—x—f—c"

Notice it is also a Bernoulli type equation with n = 2. O



r Xy
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Solution. This one is homogeneous. Let v = y/z. Then zv = y so
y = v+xv'. If we multiply the righthand side 272 /22 the equation

becomes
v+av = v
1 4 02
. So,
dv v v v(1 4+ v?) —v3
rT— = — vV = — == .
de 142 1+ 02 1+ 02 1+ 02
Hence,
1+ v? -1
+3U dv = —dx.
v T

This becomes
/v?’ +ov tdv=—In|z|+Cor —(1/2)v 2 +1n|v| = —In|z| + C.

Recall v = y/z. Thus, using In |y/z| = In|y| — In |z|, we get
—;:2 +Inly| —In|z| = —In|z| + C.
Now,
—z% = =2y*In[y| + Cy* = y*(C — Iny?).
Finally,
2 = /32 (n(y?) — O).

(d) t2y' + 2ty = y3 where t > 0.
Solution. This is Bernoulli and I don’t think any other method we
have will work. Let v = y*=3. So, y = v~ /2. Thus, y = (—1/2)v=3/2
and the equation becomes
t2(=1/2)07 320 + 240712 = /2,
Thus,
—(t2/20' +2tv =1 or v/ — (4/t)v = —2t 2.
Now it is linear. You can check that u = ¢t~# is the integrating factor.
This gives
t=4 — 475y = —2t76.

Thus,
(t~) = —2t7¢
and so,
= = (2/5)t7° 4+ C.
Hence,

v =2/(5t) + Ct*.

1
Y=z ua
\/ 2 +Ct

But v = 1/y? so



(2) [10+45+5+5 points] (a) Find the particular continuous solution to
y' + p(t)y = 0 where y(0) =1

and

2 0<t<1
p(t):{ 1 t>1

(b) Sketch the solution.
(c) What is the minimum value of y(¢) and when does it occur?
(d) At what time ¢ will y(¢) = 107

Solution. (a) For t € [0,1] we have y' = —2y. Hence the general

solution is y = Ce~2. Since y(0) = 1 we get C' = 1. Let 3 (t) = e~ 2.
For ¢t € [0,1] we have y' = y. Hence the general solution is y =

Cel. Since y(1) = y1(1) = e=2 we get C = e~ 3. Let ya(t) = ' 3.
Thus our solution is

e 0<t<1
et=3 > 1.

(b) This is easy to graph.

(c) The minimum value of e~2 occurs when ¢ = 1.

(d) It is clear that y(t) will reach 10 for some time ¢ > 1. So we
need to solve =3 = 10. This gives

t=3+1n10 ~ 5.30 time units.



(3) [15 points] A tank starts with 100 liters of fresh water.
It can hold 300 liters before it will overflow.
Water that has 3 grams salt per liter is pumped in at 3 liters per
minute.
The well mixed solution flows out of the tank at 2 liters per minute.
How many grams of salt will be in the solution in this tank when
it just begins to overflow?

Solution.
dQ .
g = rate of salt in — rate of salt out
dQ Q
T _9x X
7 3 x3 X v
But V(t) =100 + t. So we get
2Q
/ —
@+ 100+t )

This is linear. Let p = el oo At — (100 +t)%. So now we have
(100 + 1)%Q’ + 2(100 + )@ = 9(100 + t)%
Using the Product Rule backwards gives us
((100 + 1)%2Q)" = 9(100 + t)2.

Integrating gives

(100 + 1)2Q = 3(100 + t)® 4 C.
Hence

Q(t) = 3(100 + t) + m
At t = 0 we know Q(0) = 0. This determines C. We get C =
—3,000,000. Overflow happens at ¢ = 200. Thus

2
Q(200) = 866§ grams of salt.



