Section 9.3
Linearization

First, we provide some background material that is not in the text-
book.

Recall, for a vector v = (z1, 29, ...,z,) € R", that

VIl = /et +ad+ - a2,

Definition. Let U be an open subset of R® and let f : U — R™.
We may write

fley,zo ) = (filz, ey xy), fo(Tr, Toe ooy xn), ooy fn(@1, 20

We say that f is differentiable at v, € U if there exists an m x n
matrix 7" such that

i W) = fvo) = T(v = v

vove 1V = ol

= 0. ()

We call T' the derivative of f at v, and use the notation T' = D f(v,).
Note: we are regarding v and v, has column vectors now.

In the one variable case, f : R — R, this is equivalent to

|f(l’) — f(xo) — m(m — xo)|

lim =0,
T, |z — x,|
which is equivalent to
lim f(@) = f(zo) =m = f(x,).
T—To r — Ty

Theorem. Suppose, U C R"™ is open and f : U — R™ is differen-
tiable at v, € R™. Then all partial derivatives of the f;, the components
of f, exist at v, and

Oh 9A ... 2A
Bml 8332 8In
ofr Of2 .. Of
. o1 Oxo Oxn
Df(Uo) - . . . ’
Ofm  Ofm ... Ofm
o1 Oxo 0xn

with all entries evaluated at v,. This matrix is often called the Jaco-
bian of f.
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Outline of Proof. Let h = v — v,. Then (x) becomes
(et h) — f(v,) ~Th]| _

0.
h—0 ||h|
It can be shown that this is equivalent to
A h) — £, — (Th):
lim | fi(vo +h) — fi(v,) — (Th);| — 0,
h—0 ||h|
for i = 1,...,m, where (Th); is the i-th entry of the column vector

Th.

We are given that these m limits exist. So, we can compute the
limits along any path where h — 0 and the result is the same. Let

h =ae;. (Recalle; =1[0 ... 0 1 0 ... O]T, where the 1 is in
the j-th position.) Then we have

o ViVo - 05) = fi(v,) — a(Tey),

=0,
a—0 |a|
fori=1,...,mand 7 =1,...,n. This is equivalent to
lim fi(vo * aej) _ fi(VO) = (TeJ)Z
a—0 a

Now, T'e; is just the j-th column of T', and (Te;); is its i-th entry. Thus,
(T'e;); = T;;. The LHS is just the definition of the partial derivative
df;/0x;. Thus,

ofi

ox;’

as claimed. O

T, =

Theorem. Let f: U — R™, where U C R" is open. Suppose, the
partial derivatives 0f;/0z; exist and are continuous in some open ball
around v,. Then f is differentiable at v,.

Proof. See Vector Calculus, by Marsden and Tromba, 3-rd Ed.,
Section 2.7, Theorem 9.

Example. Let f: R3 — R be given by f(z,y,2) = 3xyz?. Then
Df=1fa [y [.] =[3yz* 3x2* 6ayz].

You may notice that this is the gradient of f.
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% + 2y

Example. Let f: R? — R? be given by f(x,y) = L% + 2y

Df(0,0).
Solution. Df(x,y) = [

] . Find

2z 2

3 2 3 2

1, which at (0,0) is [O 2].
Taylor’s Theorem. Let U C R” be open, f: U — R, and assume

f is differentiable at v, € U. Then
f(vo+h) = f(vo) + Df(v,) - h+ Ri(vo, h),
where
lim M =0.
b0 |[h]|

Proof. See V.C., page 243.

Now we return to the textbook.

Definition. Let H(z,y) = E Ei’z;] Here f and g are real valued

functions. We say H is almost linear or is linearizable at (x,,y,) if

H(z —o0,y,) = [8] and

st = [y )+ [0

where A is a 2 x 2 constant matrix, for R(x,y)

[|B(z, )]

lim =
()= (T0,Yo0) ||(Q;7 y) - ('xou yo) ||

The matrix A is called the linearization of H at (z,,¥,). This defini-
tion can easily be generalized to the n x n case.

} we have

y)] |

y)
Bt
0.

B 20 — y + 2% — xy? : .
Example. Let H(z,y) = c+3ytayty | Linearize H at
(0,0).

Solution. Cleatly, H(0,0) = 8} Notice H(x,y) = E —1] {371 +

3
% — xy?
ry+y' |



r? — zy?
Let R(z,y) = vyt |
We need show ”‘ﬁf?ﬂl)‘” — 0 as (x,y) — (0,0). This is not hard to see

using polar coordinates. Let ¢ = cosf and s = sin .

Rz, y)l| <<x2 —ay?)? + (wy + W)”
.l % 412
xt — 223y + 2%yt + 2%y? + 2298 + y1 1/2
B ( z? +y? >
B <7’4c4 —2r°c3s? + r8c%st 4+ rtc?s? + 2r9cs® + 7’14514) 1/2
2

/2

(7“204 — 23387+ ricst +ric?st + 2rTes® + 7"12514)1
< P+ rv2rle|y/|e||s| + r?c|s? + rles| + PV 2ry/ \0\34 + 7’6|57\
< e rvVoar+ri+r+r3Vor+ 08

— 0.

The first inequality is the Triangle Inequality (look it up if you
need to). The second is because sine and cosine never exceed 1 in
magnitude.
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BTW, notice that DH(0,0) = L
invoked Taylor’s Theorem. U

_31]. Thus, we could have just

We want to apply these ideas to nonlinear differential equations.
Given
vi=H(v(t))
The critical points (also called rest points, fixed points. or equi-
librium points) are points in the phasespace where v/ = 0. So, we
first find the critical points and then try to linearize at each of these.

Example 0. Find the critical points for the system below and find
the linearization at each.

| [2z+y—3
vy |lx—3y+2|°
Solution. 1t is easy to see that the only critical point is (1, 1).
The Jacobian matrix is 21 at all points, thus this is the lin-

1 -3
earization matrix at (1,1). In fact, the original system is equivalent



to
2 12 1||z—1
vy |1 =3 |ly—1|"
The eigenvalues and eigenvectors of the Jacobian are

L V29 |5++/29
S iy
2 2 2

Thus, near (1, 1) this system will behave like a saddle. See the sketch
below. O

(Check this.)

In fact, this system is a true saddle. It can be solved using the
methods in Section 7.9 or simply made linear by a change of variables.

Example 1. Find the critical points for the system below and find
the linearization at each. Sketch the system and compare with a com-

puter.
| 2z 447
vl |rt+y+ayl|

Solution. Step 1. Find the critical points.

20 +9y° =0 = x:—%.
2 3
r+ytary=0 — —%er—%:o,
= Yy’ -2y=0,
= yly+2)y—-1)=0
— y=0,y=—-2o0ry=1.
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Thus, the critical points are (0,0), (-2, —2) and (—3,1)

Step 2. Lineraize at each critical point. The Jacobian is

_ | 2 2y
S = [1—|—y 1—1—33}’
Then we have

J(0,0) = B ﬂ J(=2,-2) = [_21 o

| IS |
&
<
—
|
o=
[S—
~—
Il
1
DN DO
= DO
_

Step 3. Find the eigenvalues and eigenvectors for each of these.

(0,0) 2, [ﬂ : 1, {(ﬂ : unstable node, repller.
(—2,-2) 2, {ﬂ : 3, [_14} : saddle point, unstable.
(=1 1) 50V 8 AL s ; saddle point, unstable.

2 4 \/ﬁ — 3| 4 _\/ﬁ — 3| )

Step 4. Draw local patches at the critical points. Try to fit it all
together.

Additional Observations:
For x = 0 and y < 0 we can see that ' > 0 and 3y =y < 0.
For y = 0 and x > 0 we can see that '’ =2z > 0 and ¢y =z > 0.
For z = 0 and y > 0 we can see that 2’ = 3?> > 0 and v/ = y > 0.
For y = 0 and x < 0 we can see that ' =2z < 0 and ¢ =z < 0.
Think about z = y.



Step 5. Compare with computer.

The first plot was done with Maple. The code used is on the website
for the course under the link for Section 9.3 as Example 1. The second
was done on Wolfram Alpha using the widget at this link:
https://www.wolframalpha.com/widgets/view. jsp?id=9298fea31cf266903b3df7174b95ddd7
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Example 2. Find the critical points for the system below and find
the linearization at each.

y] 3 —1) —z|’
Solution. Step 1. Find the critical points. ——+—+
=0 = 22+9y*=9

Y =0 = z=3y>-3

See the graph. We should be able to find 3 critical points.
P= = P49 — 3t 42 -24=0.

Thus,

—1+4/1-4-3-(-24) —-14£+289 —-14+17 8
T = G = G = 5 :§0r—3.

Now, if z = —3, then y*> = 0 and so y = 0. Thus, (—3,0) is a critical
point.
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While if 2 = 2, we have y* = %, SO Yy = i@. Thus, (%,i@) are
critical points.

Step 2. Linearize the system at each critical point.

|2 2y
We have J = {_1 Gy}'

Therefore,

J(=3,0) = {:f 8} LJ(8, Ty = {_?1 271_7} and J (5, —¥AT) {_31 _2\;1_7} .

(—3,0) 6, [ﬂ : 0, {(1)] : one attracting, one frozen.
(%) @) ~ 6.8+ 0.8 spiral out, unstable.
(g’ —@) ~ 5.5, [_113'8] .~ —8.5, [0'1199] : saddle point, unstable.

Note: I did not bother with the eigenvectors when the eigenvalues
are complex, because they do not tell me that much. I can however
check a few points and determine if the spiral is going clockwise or
counterclockwise. The linearization is

o' =P+ —2‘?3/, y = —x+2V17y.

Plug in (1,0), (0,1), (—1,0) and (0, —1). See below. The spiral in this
system is clockwise.

clocluice
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Step 4. Draw local patches at the critical points. Try to fit it all

together.

Hard tc see what will happen when
an eigenvalue is zero.

Step 5. Compare with computer. This time I only used Maple. The
code is on the course website. You should experiment with some other

graphing programs.
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