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Proof that e is irrational

Reference: Principles of Mathematical Analysis by Rudin, pages 48-
50.

Theorem: e is irrational.

Proof: Suppose e is rational and that e = p/q, where p > 0 and
g > 0. In fact we can assume ¢ > 1 since e is not an integer. (You
should prove this!) We will derive a contradiction, namely that there
is an integer between 0 and 1!

(o 0] n
1 1
We know from Taylor’s theorem that e = E E Let e, = E ik
! .

k=0

1 1 1
mr )t T maan T

Then e — e, =

1 1 1 1
< —— 11 cee | =
(n—l—l)!( i Ty T )

1 1 _ 1 n+1 1
m+D\1-2 /) (@+1)! n+1-1 nh’

1
Thus, if we let n =g, we have 0 < e —¢; < —=
q:q

1
Thus, 0 < gl(e —eg) < p <1.

|
Now gle = % =(g—1)lpeZ.

1 1 1
le. = ¢! S T
But also, gle, = ¢! (1 +1+ o + 3l SELRAE q!) € Z.
Therefore, there exists an integer strictly between 0 and 1. Since
this is absurd, we conclude that e cannot be expressed as a ratio of
integers.
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