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Bernstein Polynomial Approximations

Find the first value of n so the the n! Bernstein polynomial for f(x)
|x-0.5| has ||p, - f|| < 0.1.

—S pn:= x-> sum((n!/k!/(n-k) ) *abs(k/n-0.5)*xAk*(1-x)A(n-k) ,k=0..n);

" n!-E—OE xktl~mm_m
pni= X— }E, "
' = k! (n - k)!
'; n:=1b:
n:=15

FS plot([0.1,abs(x-0.5),pn(x)]1,x=0..1,color=[black,gray,black],
Tinestyle=[2,1,1], thickness=2);
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; pn(0.5);
0.1047363281

> n:=16;

n:= 16



> pn(0.5);
' 0.09819030762

T'he answer is n=16.

Repeat for f(x) = | [x-0.5] - 0.25| and ||p,, - f[|<0.02.

> fi=x-> abs(abs(x-0.5)-0.25);
fi=x— | |x-0.5 -0.25l

-S pn:= x-> sum((n!/k!/(n-k) )*f(k/n)*xAk*(1-x)A(n-k) ,k=0..n);
EJ xK 1- x)(n_ K

n n!{jn
pn:=x— }S
k=0

k!'(n - Kk)!

5 n:=308:
n:= 398

> plot([0.02,0.23,f(x),pn(x)],x=0..1,color=[black,black,gray,black],
Tinestyle=[2,2,1,1], thickness=2);
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- » pn(0.5);
0.2300153875

[The answer is n=398.



| TL% Stonz *[/Je;'eﬂ'ﬂi\msf Thm,

| Loy M he o comped mobriz space Gt hillanr

| “V\’\@SVMB._LAI\Q(L\_&») PR s 2 < CO( M, )R) M

A s cled u foanckion gl selore 9y w.e_l/i—,v.c_eh}f:?;__u_,

e b Ht9 oL Lom L. 5 G

| A ’FVkAC*‘\m_Ctl_é_QL(‘O\_VO\,(ﬂ,E5L\8$ ot ,ﬂ‘&MnL VF (*(L‘,fg/)‘:@__,

o A (::\-M‘ ;\9‘§<f0\r0ulsr/$_ ﬁ_a_m:\‘;;[f_f/_g_,prc«_/kg__-,éj Py

[ ZLed st fi)=F¢).

3 o=t
[ §
1‘&_

P o\ Yy n@m tmlf &lej_(l_-&,_bl/_@\, )aa cn_a [] )n vV an J”S‘m\’L;‘,

' -C m/Lc_.__,AaJ_,gyjl/\ﬁ'Lie,(?‘_'(_‘}s__m. \

‘é__,_{,_‘.(’_@_(?ﬁ;é’) I{ (X any Pely 3 vanishks af p=3.

[_8(?_‘_1,()(&-!_)*'2 PG oy ey § fyes wot sep. | ad -l

1 t 2 |
A (T |
'y VY |
FLY Y 1 |

| (5‘\\0(\2";[/06\\6-’5*"‘;5") L_;sf /V\ b'( a (¢ N\cféﬁ(’"’ M« ‘5?

| o whett ond sep. f’%. Then A i 4&_4.32 i

vaz/( A ¢ CaCM/_l&) o ‘1CV~AC. é’v(g. ‘hmﬂt' Van ishes

CUmIR) .

'\\'C,c T)/__q_é,.eaﬁdl_gﬁ{'a‘m m[ (P /4!’(’” % Thom .

W_&ANL_J_S_UQ,.WLJ_@_@_@ ;




Ip a \fcm\‘s\,e_j ,r\m,«)\r\m mn(ﬁ_é_c’cp_.__ﬁ_‘lj/ ‘f’/«eﬂ
Ve oeMpre, omd ¢, c, €R, Afed si.

{(f,>;(/t. wd 'R‘P,_)Dfi X

3 49,,9 e  <i

.9
7"dz S d\l)

L et g}(x\,—-[fz.,m)]zwvﬁ_a,,uﬂl Ten gel ol
g(f\\,q‘bo,gc_pi):&o. e st L\(f,)f‘r‘l,\(fﬁ).

Fam omnln\"] r(j_ ah7

_ ‘ A3 B & L J 4 N 77/ o
COAS?&Q)( A3 Mnx\f?\( H- I ’[_ CA_L

— LSty ttrhtg)

Non 4azo, 20 il bed Thues _otH =

ac - &Bc = ac Uowz] o, Mr:e(v\rej Al jol(/l‘(“fd/l to

0\,0l‘b' P’\-I\C\
c cdllgl=]c
—~

Lot fausp ey aonhxl, Thea £ed. e

€ dx:f.\wf_.mA:(/

Samalie

(P )= purgub =¢  and

{'(Fz,> =4 ":8»{—0_4:62,




L eV@- A«Ll anc. ;1/; TL\@A&C‘CO//"} i) ancd

LS ta "g:w\( .“-“.,C.(‘;

s el s o (< CC=> 7 <C°

ey fget L celR A segts i A_sA.

-C,."'")‘F ged n— 7 ﬂus/

| Thee éZ_JJ & 'A&C‘ d‘g ; |

L | Feg o flea
Note ]Dé Ad » [§l ceCl. Lt ﬁ-—al(fu(yiwmm(f. ])(l—l\ 4’ Q.
: 1 rs(_t\'870
i ; [} 10 e o h M- l)ﬂl "z QDP\V*L\&WC’W‘S\(FM{

SA*ABC‘O)( ﬂwv\ b Ix[ e ( (_[“’/"l M:l [R){- 9,9,‘\' a ﬂy(,« p(x)

5k

5\«0?!/(»«) \Kll Xefmﬂa £ /Z*

./H' qﬁglduS h* h—c cOn S-Lm*’ ‘Lw.m j’[’ "‘!’L; /ﬂo

P-4 lhas '0(@)\ S Lek‘ CLQ@Lﬂ f{ ﬂ );_._*_




. Taen JKP$ Qr(K)*\?\l\

XCFMA]}< L. Lot -'q,.,,... y

‘9¢ 106-@ . mc 4’(%/

Pl G v o xTe e X"

New dibie 9 (%)= G (W)= gt + 4, f (0 «-tandpo

@v WV peevizns lemma S ea. Weik y= = f(x)

N \)é[M m1, VKLM Thas

| g.ca - H:Clql’ >

| 4 vl -\y\

. i .

S.IV\C-( "hn/( Cun b/c LZU'\Q— ’?Lzﬂr MV €)0 M(,/

i A, c(ug‘a/é we _hove 1-#\( o . VN
Lemaa || Lot { g € 0, Tn max (£:2) admuuliyg)
bft ,/x
PEN man (L4} - Y 1 )
man (459 = f_%~ ‘f—?« /I |
Note

Q7 LA ‘[M‘LJ&/\ ‘n\tf 8)4(“7%4&(5 "1“0 Mo x MWVI

ot £ 16/‘ €. .




PE s 4 HMEE &
FT OV 1]la D7 | iy

et M e Compac{') % = CO(/“, \P\) a Ltuac a(gz.
Let Fe £9M R ad U ¢ 5. We
clecim 2 h & 5( 5 {‘

P -¢ € Gk € FeL | xel.

Since s will hold ¥ e50, e gek € el=d.
Heace, = ¢ IR). Tk will dube w it
c/vo-rk to ;bbj‘ {/M/lft(n(e/ a#tra”/we h wea
+ﬂ U S= ouk\ J(\@&d {e,o’vxmé(,f, ‘HW% on “’c Yoa/\ Sea 1)

ngk Gy twv 9135”‘73-./&&;{' (0’1‘5 0 6/14 .3 I+ e (L
Sh W) Flo) ad Hig)= F@). (Eonst lemma)

Al Yo% we hace € HR-FO=€ >0. 8y codinity
A avid Uy obg st Lo kel | ZtH0)-F) >0,
o eguivaleaty Frg-g < Hoa,

Lt 2 Ny ovw /‘/l) om d a[)’/\{\ cacl select cn (’/ééa
@\/\ﬂ( o nhhd U as ab o~ \/xe(/(& , Flo-¢ 414;,.“).
(f (s Rl Lixed s Ao'flANO/ goes “wreng L &Lfﬁ-)
The co((éw('c‘p/\ ?Uﬂ;em IS an open (el oi/b(,
W\(/( M Ss e W\()M’(') S0 we can pasy ‘/?) 13 J\A‘%t
ﬁmlacd\/\'kl’) S‘”‘y {u?fl)(/{ﬁu"'/(/(j/g‘



Now dehve Gf’ C&) o ZH&Q{)' H&@Q)/'”/ H'ﬂ (Hi
/nneo\ G C‘JZ/ G/(P): Fp) al /Z(f/-iéCv,a(N/ teeh,

A‘% K= & rFIE - Cw,o()k/ = § e, (37, co,\l,\,u.,'%/
Akl Uy of p st VxeV,, CtFR-%& >0
/I\r\,ug)

G ¢ Fogeg | Haelp

L(A’ P Vary ove /V\ Foo cach e s a Cop
ond Vo as aboe. Moo colleckamm LV Spm ¢
an epén covd - LA {Uﬂ,/l//’z,-"- meS L”Lc\
L e Sindo cpu=s, Foc [:(/%,,.1/14 et g e

Y

Gy, (<] « Fr e ¢, I x Vg sk
F(h-£ < Gpto , Yxel,
ek Gz min ] Gp, Gp, @, oy Gp ) 3
Mn G el ad

Flel-¢ < Gl € B9 <C Yxem.

p
!
|




/'W@UC”I‘}”"U/Z 'FOO\(‘FQ‘/‘ 5—69:43__5_‘

Tle 5,@/{ oul ﬁmc‘]‘u—?\/\_s V[WM R = 1R Nt ore /é’ﬂ:ﬂixﬁf@
(/\/Wr%l/( +b: 3 e ﬂ’Co”‘l'\’)/) 5'/\.), 2/73 C an LJ)-— f‘—?&/\rﬁ&fﬁ
oS ‘C;/‘“C,\L./P‘UV\ S &W Y b IR , (0«15‘1\/@{/‘ (1 {Sﬁ //Q)

M jf 60[57/ /K) he fle eckn space 57(300/2;@(}

Y
2 L) €25(x), cosley), cos(3x), . -, Shle), 3 ez . - }
W +\ '\’\.L, L/dé O’p 50\{1/\0, 44\ ((/U\"L 4'\55 )/@(/L
Cirn < )f\&(/o 75 Us C(Sc’od u,na(x/* //\/m/)@"/l Cq%GVI.

}:‘;f Englp,éa
SW(mx)s wlnk) =2 c es(ph- &) # 2 co sfnenx).

vﬂw\ei-w—e T = a nva\L m/ Smce 5\ (¥
(wm/majr e S‘Lﬁme“bk]és\cn\f(\f‘a;_r Thm Seys

roac=

2k

72’\"\‘5 C an 9"’/ 63&{“(/&10@&(% ‘rflmc*\rfmgpq(f_,s \(’ij‘

o~ ‘F..U\:‘o (,Qc'?_ Fﬁ] 4 Ve : e 6) LZS ,/l/¢W \1/1\{,
y@a mMmadly S ’{/(/\f VL“Q(IUI/\C/L_{/K&MC;( 7L<J/ UL,(/

3k Pﬂ}b r\aﬁ‘ V\cﬁ\ic\V\iSL\“\‘{- (;V\l}
Se ) e\ s TR
(nesy ( Wo)

L//\'\Dc(r\ th C9 /VLP/\C\%,



Smee | € T 4 is paaymaishing.

(/L/\' 61/QL C/S\/ 9,:#52. /j\'\kn S‘Mé\#SJ\N‘éz

W /’\\ﬂs‘ﬁ M‘[ At e/f}""cv'l &lﬂ? }”fwg{ (gf&t.rv\ E ﬂ\f;/‘g_

\_

z

s

1 s -5
;{_&_ﬁl_ We ot M« l‘h‘;} w ’-“h/‘ l,«’,w{c ry <(dA \rc)’/i'«—( e

f:u b"w‘f oo S” 1T f P S 4 4_\, ,‘ ‘\/,L\ < 4[ LA Iu,ﬂ (’;f .
Wife (oaNvegu (r neede d"', For &xemy] b, Tle
Foarezs S~ TS fo it o  (OonV—v g ]l,' Aic ¢ %’v(-, a oot

[W*L' Eoons iVl a S/Zf;A&éu«’/ Lo v,

\)/ ,f'a.\r\‘)l’v




