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CHAP. 6] INFINITE SERIES — TAYLOR’S AND LAURENT’S SERIES 157

H
Hence from Property 5,

26. Find Laurent series about the indicated singularity for each of the following functions
Name the singularity in each case and give the region of convergence of each series
22
(a) - i w=1 Let 2—1 = %. Then z = 1+u and
(z—1)3
e2z _ et g ou €2 f (2u)2 | (2u)3 (2u)4 . 1
(=13 = T T gt = T T T |
e2 2¢2 2e2 4¢2 2¢2
T e T oty t ER A
2=1 is a pole of order 3, or triple pole.
The series converges for all values of z5 1.
(6) (z—3) sin ;2= —2. Let 242 = 4 or 5 = w—2. Then
z+2
. 1 _ _ 1 _ l_ 1 1 .
e—3) smz-i-z = -3 Smu = 5){u 3!u3+5!u5 }
_ 5 1 5 1
=i u 3!u2+3!u3+5!7—
5 1 5 1
= 4 z+2  6(z+2)2 ¥ 6(z + 2)3 * 120(z + 2)+
z

= =2 is an essential singularity.

The series converges for all values of z 5 —2.

Z—sinz | _
(c) 3 — z=0.
z—sinz _ 1 _ _B P
e *{ ( TR T >}‘
I - _ 1 z2 zt
= @ E"E“LT:""} DT TIR T
2=0 is a removable singularity.
The series converges for all values of z.
d —2 . ,_ 5 L 2 =u Th
(d) CTDGTD z et z+ u en
z _ uw—2 - 2—-u_ 1 _ 2—u 2 3 ...
—\(z+1)(z+2) = \(u—l)u = " 1— = ” T+ u+ w2+ 43 + )

=g+1+u+u2+--- = 2 +1+(z+2)+(z+2)2+~--
U z+2

2=-2 is a pole of order 1, or simple pole.
The series converges for all values of z such that 0 < |z + 2l < 1.

1 . §
e) — = . = 3. —3 = u.
( ) 2( )2 y R 3 Let z 3 u Then by the bmomlal theorem,

il
il
It
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1 _ 1 B g

22(z — 3)2 w23+ u)2  ~ 9u2(l + u/3)?
_ 1 (=2)(=3) () , (=2)(=3)(=4) [\’
= qel T 2<3>+ 21 <3> ¥ 31 <§> ¥ o
_ 1 2 .1 4
= o2 2 T a7 T aa* T
B 1 2 1 4e=3)
T 9(z—3)2 27(z—3) 27 243

z =23 is a pole of order 2 or double pole.

The series converges for all values of z such that 0 < |z —3| < 8.

1
. = — i i lid for (a) 1 , (b
27. Expand () FESIIEE) in a Laurent series vali (@) 1< 2] <3, (D) |#|>38,
() 0 < z+1] <2, (d) |¢§| <1.
(a) Resolving into partial fractions 1 }< 1 — 1( 1 >
B R © GTDE+3  2\z+1) 2\z+3
If || > 1,
1 1 _ L< _1,1 1 > = 1% .1 1
2z+1) ~  22(1+1/2) =~ 2z I=tz—mt = % T T aE e
If 2] <3,
-1 _ 1 - iz 2 2 - 1_ =z 2 2
2(z+38) ~  6(1+2/3) - 6(1 3+9 27+ > 6 18+ 54 162+

Then the required Laurent expansion valid for both |z] > 1 and |z] < 8, ie 1 <|z] <3, is
1 1 1 1 1 Lz 22 28

224 223 222 2z 6 18 54 162
(b) If |2| > 1, we have as in part (a),

1 11 1 1
2z+1) = 2z 222 tom Tt
If |2] > 3,
1 _ 1 - L( _3 2~2_7+...> - 1_3 .9 _ 2
2(z+3) ~  22(1+3/z) 22 z 22 28 22 222 228 24

Then the required Laurent expansion valid for both |z| > 1 and |z] > 3, ie |2 >3, is by
subtraction 1 4 13 40

= —_— + P
22 23 z4

(¢) Let z+1 = u. Then

1 = 1 — _1_ — i. 1 i 1_1: + u_2 = .’LLS + “ e
(z+1)(z+3) ww+2) —  2u@d+u/2) T 2 2 4 8
1 1 1 1
= p_—y.- = ) = 1)2 i
2ot 4 TgEtTD T gt A
valid for |u| <2, u#0 or 0<]|z+1| <2
d) If |2| <1,
1 _ 1 = 1l—z2422—234.-+) = 1 _ 1 1,2 — 1,3
21 - 20+2) Hl-zt2?—z ) LO LR Sala Gl
If |z] <38, we have by part (a),
1 1 _z 2 B
2(z + 3) 6 18 ' 54 162
Then the required Laurent expansion, valid for both |z] <1 and |¢| < 8, ie |z] <1, is by
subtraction 1 4 - E , 40 P
3 97 27 81”

This is a Taylor series.




