Homology Calculations

Example 3. Let K be the complex depicted below. We expect to find Hy(K) &

7, Hi(K) = Z, and Hy(K) = 7.

We use the following labels.

Vo

U4
U3
V2
V1

vo,v1,v3] €1 = [vg, v1]
’U1,U2,”U3] €2 = [01703]
02700,03] €3 = [03700}
’U(),’Ul,UQ] 64 - [vlan}
es5 = [v2,v3]
e6 = [vo, V2]
€r = [03704}
eg = [v4, V2]

You should write these onto the figure.
‘We have CO = <U0, V1, V2, U3, ’U4> = Z5, Cl = <€1, €g, €3, €4, €5, €g, €7, 68> = ZB,

and CQ = <0’1,02,0'3,0'4,> = Z4.
We present a matrix function A; : Z® — Z5 that represents 0,

and a matrix function A, : Z* — Z8 that represents 95 : Co — C.

Aq

OO O

Find H(). HO =

0 1 0 0 -1
-1 0 -1 0 O
0o o0 1 -1 1
1 -1 0 1 0
0o o0 0 0 O
kerc?o CO ~ Z5
im 61 B im 61 a A1Z8

: C1 — Cy,
1 0 o0 1
1 -1 0 0
00 L1 o
01 0 1
91 (1) =10 1 1 o0
L 0 0 -1 -1
00 0 0
0o 0 0 0

. As you can check the Smith normal form




Find H1 .

of Ay is

OO OO
OO O = O
OO = OO
o= O oo
OO O OO

Therefore, Hy = Z.

H1 _ ker 61.

im 0Oy
can be computed using the NullSpace command in Maple. For a basis of
the NullSpace we get

The kernel of 9; is isomorphic to the kernel of Ay, which

-1 0 1 0
0 -1 |1 1
0 0 1 0
-1 1 ol |-1
B = ol’[1|’]ol’]o
1 0 0 0
0 0 0 1
o] (o] |o] | 1]

To get a basis for the image of 02 we use the ColumnSpace command to
get

1 0 0

0 1 0

0 0 1

1 -1 0

BQ - 0 =11

-1 0 1

0 0 0

L0 LO0] |[O]

. . span By
It is not obvious how to compute since the members of By are
span Bo

not expressed in terms of the members of B;. We rectify this by solving
for the linear combinations of members of B; that give the members of
B, that is we solve [B1]X = [Bz]. The Maple command LinearSolve can
do this. We get

-1 0 1
0 -1 1
X = 0 0 1
0 0 0



Check this. The Smith normal form of X is
0 0

1

01 0
0 01
0 0 0

Therefore,
Z4
Hy = ~7
1 00
0 1 0|,,
0 0 1 Z
0 0O
. ker 0, '
Find H,. Hy = - 5 = ker 9. We get that the null space of As has basis
1m Js

{[-1,-1,-1,1]T}. Thus, H, = Z.



