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1. INTRO TO FIRST ORDER DIFFERENTIAL EQUATIONS

General Problem. Let F(z,y) be a given function of two variables. Find all functions
y(x) such that
dy
—=F :
0, = Fl@y)
There are three special cases we shall consider.

A. Separable. This means F'(x,y) can be written in the form f(z)g(y). This is covered
in Section 2.2 of the textbook.

B. Linear. This means F(z,y) can be written in the form f(x)y + g(x); so it is linear
in the y variable. This is covered in Section 2.1 of the textbook.

C. Exact. This means F(z,y) can be written in the form

M (z,y)
F X, = TN N\
(229) =~ N(a,y)
where
OM _ ON
dy  Ox’

(The O notation means partial derivatives. If you have not had this before see the
Partial Derivatives handout.) This is covered in Section 2.6 of the textbook.

Sometimes when a first order differential equation is not in one of these forms it can be
transformed into a differential equation in one of them using some algebraic tricks.

However, when none of these methods work we can use numerical methods to get approx-
imate solutions. These are introduced in Section 2.7 of the textbook.



2. SEPARABLE EQUATIONS (SECTION 2.2 OF TEXTBOOK)

Example 1. Solve ¢/(x) = 23. In this problem F(x,y) = 2 and does not depend on y.
Finding y(z) is just a Calculus I exercise.

7
y:/x?’dx:—JrC.
4
Recall that this means the solution set is

4
{%+C|C€R}.

We say y = %1334 + C' is the general solution.

Example 2. Solve y/(x) = 2 + cos2x. We get that
1
y:/2+cos2xdx:2x+§sin2x+0

is the general solution.
Example 3. Solve ¢/(z) = % We write this as

dy_
ydx

and then integrate both sides with respect to x.

d
/y—ydx = /1;2d:v
dx

1
/ydy = gx?’ + 4

1 1
§y2 + CQ = 51'3 + Cl.

Thus,

y=t/22%4C,

is the general solution. (We consolidated the integration constants to C' = 2(Cy — Cy).) The

solution set is
{,/§x3+C(CeR}u{—,/§m3+C’OeR}.

Notice that the domain of x will be restricted so that we do not get the square roots of
negative numbers.

Example 4. Solve y/(z) = y?x3. We rewrite this as y =2y’ = 23 and then integrate both
sides with respect to x.



/y‘Qd—y de = /x3 dx
dz
/y2 dy = L'+

—y T+ 0y = gt + O
Thus,

This is equivalent to
V=g

sin x

y+1°

/y—i—ldy:/sinxdx.

%y2+y:—cosm+0.

We can solve for y using the quadratic formula. First, rewrite the last equation as

Example 5. Solve y/(x) = As a shortcut we write

This gives

> +2y+2cosx+ C = 0.

(The new C' is —2 times the original C.) Using a = 1, b = 2 and ¢ = 2cosx + C in the
quadratic formula gives us

y = (—21\/4—8cosx—40> /2.

or
y=—1++vC —2cosz.

(How was this new C derived?) This is the general solution, meaning the solution set is
{—1 +vC — QCOSCL“ Cc> 2} U {—1 + —vC — 2cosx‘ c> 2} ,

assuming we only want real valued solutions.

Example 6. [Important for many applications.] Find the general solution to g—gyc =.

Solution. The problem can be rewritten as

/%dy:/dx.

We get, In|y| = 2 + C. Thus, |y| = e**¢ = e%e®. Finally,
y = +eCe® = Ce®.

Note: This new C' can be any real number besides zero. However, we observe that y(xz) =0
is indeed a solution since, 0/ = 0. Thus, C' can be any real number. 0



3. INITIAL VALUE PROBLEMS
An initial value problem is a problem of the form

y' = F(z,y) and y(zo) = yo.
Again F is a given function, but zy and yq are given real numbers. In other words, we are

seeking only those solutions to ¢y’ = F(z,y) that also satisfy the condition that y(zo) = yo.
Some examples will help.

Example 1°. Find the solution to ¢y = z3 and y(1) = 4.
Solution. We know from Example 1 that the general solution is y = % + (. Since we are
given y(1) = 4 and we see that y(1) = 1 + C, it must be that C' = 32. Thus,
2t +15
T
This is called a particular solution. 0

Example 5°. Find the solution to ' = Z‘i‘f and y(0) = 17.

Solution. We know from Example 5 that the general solution is y = —1 + v/C — 2cosz.

Thus,

y(0) = -1+vC —-2=17.
We can solve for C. Since v C — 2 = 18 we must choose the +\/ and discard the v
Thus,

C—2=18 = (C =18%+2=2324+2 = 326.

y=—14++v326 —2cosx

is the particular solution we require. O

Thus,

4. TWO APPLICATIONS (SECTION 1.2 OF TEXTBOOK)

Example 7. [Radioactive Decay.] Suppose substance A decays in substance B with

rate » > 0. This means
dA A
a

where we are using A(t) to denote the amount of substance A at time ¢t. We will examine
and answer three problems.

(a) Find the general solution for A(t). (b) If A(0) = Ay find the particular solution. (c)
At what time t will half of A have decayed? This is called the half-life of A.

Solution for (a).
/%dA = —/rdt

In|Al=—-rt+C
|A| — e—rt—l—C — eCe—rt

A= deCe



A=Ce™
As in Example 6, this is valid for all C'. 0

Solution for (b).
A= A(0) =Ce ™™ =C.
This, C' = Ay and

is the particular solution. 0

Solution for (c). We merely need to solve A(t) = Ay/2. That is, we let
Aoe_” = A0/2

Then —rt =Ins = —1In2, so t = In2/r is the half-life of substance A. O

1
2

Example 8. [Newton’s Law of Cooling.] Let T'(¢) be the temperature of some object,
like a cup of coffee, at time t. Let T, be the ambient temperature, that is the temperature
of the surrounding or ambient environment, which we assume is constant. Then Newton’s
Law of Cooling states that

dTr
dt

where k& > 0 is a constant. We solve for T'(¢).

= k(T, - T).

Solution.
1
dl'= | kdt
/ Ta =T /
—In|T, - T|=kt+C
T, —T| =e % =Ce™* (new C > 0)
T,—T=4Ce™ (new C,C=0ifT =1T,)
Thus,
T(t) =T, — Ce ™,

is the general solution. ([l

Student Exercise. Suppose a cup of coffee has T'(0) = 200°F and one minute later
T(1) = 190°F. Assume T, = 70°F. When will the coffee be 150°F? Answer. 3 minutes and
38 seconds.



5. ExaMPLE UsING CASS

There are several computer algebra systems (CASs) that can solve differential equations.
We will show how to solve
y = 2%cos’y & y(m) = —1,
for with several CASs.

Maple. First, we use Maple. The command name is dsolve. We will find the general
solution and then the desired particular solution. The input line is

dsolve(diff (y(x),x)=xA2 * cos(y(x))A2,y(x));
The output is
y(z) = arctan (32° + _C1)
Here is the command format for solving the initial value problem.

dsolve ({diff (y(x),x)=xA2 * cos(y(x))A2,y(Pi)=-1},y(x));

y(z) = arctan (—i7° + 12° — tan(1))

If you prefer to see the answer with numbers use the command evalf, which stands for
evaluate as floating point numbers. The % sign means use the output of the last command
as the input.

evalf (%) ;

y(x) = arctan(—11.89283328 + .3333333333 2°)
Finally, we can plot the solution curve.

plot(arctan(-11.89283328+.3333333333*xA\3) ,x=1..4);

0.59




Question. Suppose we had initial condition y(7) = —10. Since the range of the arctan
is (—m/2,7/2) it would seem that there are no solutions. But, Maple returns

y(x) = arctan(—(1/3)7® + (1/3)z”® — tan(10)) — 37
for this problem. Explain.

Matlab. Here are the commands and their outputs using Matlab.

dsolve ('Dy=xA2 * cos(y)A2',’x’

atan(1/3*xA3 + C1)

dsolve ('Dy=xA2 * cos(y)A2','y(pi)=-1","%")

atan(1/3*xA3 - 1/3*piA3 - tan(1))

vpa('atan(1/3*xA3-1/3*piA3-tan(1),5)
(vpa stands for very precise arithmetic.)

atan(.33333*xA3-11.893)

There are several online diff eq solvers now. Find three and play with them.

6. EXISTENCE AND UNIQUENESS (THEOREM 2.4.2)

For a given initial value problem when do solutions exist and when can we be sure a
solution is unique?

Example 1. Consider ¢y = 1/ with y(0) = 3. The general solution is y = In |z| + C, But
y(0) is undefined.

Example 2. Consider ¥ = y'/? with y(0) = 0. Then

/yl/gdy:/dx

N
<
wirN

Thus,

N

y=(2x+C)? =+y/ (22 +C)°
Then,
y0)=0 = +V(3=0 = C=0

But, this leaves us with two solutions,

y=(5)

Furthermore, y(x) = 0 is also a solution!



So, in Example 1 no solution existed and in Example 2 there are three solutions that work
equally well. The next theorem gives conditions such that we are guaranteed the existence
of a unique solution.

Theorem 2.4.2 (Picard’s Theorem). Consider ' = f(x,y) with y(zo) = yo. If f(x,y)
and 0f(x,y)/dy are continuous in an open rectangle

{(z,y)|a <xo<b,c<yo<d}

then there exists a unique function, y(z), such that y = f(z,y) and y(xo) = yo. Furthermore,
y(z) is continuous on some open interval (xg — h,zo + h) C (a,b), where h > 0.

Note. This theorem does not tell us how to find the solution or how big h can be.

Note on the Proof. The proof of Theorem 2.4.2 is in Section 2.8. We do not cover it in
this course, but you may read it if you wish. Feel free to ask me about it outside of class.
In is covered in MATH 452.

Example 1°. Let’s look back at Example 1, where F(z,y) = 1/z. It does not even exist
at © = 0. Suppose, the initial condition was y(1) = 3. Then 1/ is continuous around z = 1
and 0,F = 0 is continuous. Thus, a unique solution exists. You should be able to show that
y = In|z| + 3 is the solution and it is valid for x > 0.

Example 2°. Let’s look back at Example 2, where F(z,y) = y'/? and y(0) = 0 were
given. Of course, y'/3 is continuous everywhere, but Oy F = y~2/% is not continuous when

= 0. However, if we were interested in a different initial condition, say y(0) = 2, there will
be a unique solution as yy # 0. Show that it is

y(z) =/ (2x +2)°.

y?/°tan(y)
r2-1
guaranteed a unique solution by Theorem 2.4.2? Draw this as a set in R2.

Example 3. Consider ¢ = F(x,y) = For which initial conditions are we
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Solution. We see that F(x,y) is undefined when x = +1 or y = 7/2 + nw, where n ranges
over the integers. Also,

2y=3/5 tan(y)  y*° - sec(y)
x?—1 x?—1
is not defined at y = 0. Thus, an initial condition y(x¢) = yo will have a unique solution

when x # +1 and y # 0 or 7/2+ nx for any integer n. In the figure below as long as (xg, yo)
does not fall onto any of the dashed lines, y(x¢) = yo will have a unique solution. O

0,F =

x=-1 X

7. HOMOGENEOUS EQUATIONS (PAGES 49-50 IN TEXTBOOK)

Substitutions. Sometimes a differential equation that is not separable can be converted
to one that is using an algebraic substitution. This is basically an extension of the u-
substation methods you learned in calculus. We will illustrate this in the case of homoge-
neous equations, which we define shortly. But, first we do an example.

Example 1. Consider y/ = ez + 4. Tt is not separable. Let v = £. Then y = zv. We

regard v as a function of x and apply the Product Rule to get
v =2v+ a0 =v+ a0

Thus, we have v 4+ xv" = €¥ + v or v’ = e”. This is separable. We proceed. The original

equation becomes,
/e‘”dv:/%d:ﬁ.

—e ' =Inl|z|+C.

Thus,

Solving for v gives,
v=In(—In|z|+C)=In(ln|l/z|+ C).
Thus,
y=zv=xln(ln|l/z|+ C).

is the general solution.
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Now, we generalize this process. Suppose y' = F(x,y) and that F(x,y) can be rewritten
as a function of y/xz. That is F(z,y) = f(y/z) for some single variable function f. Let
v = y/x. Then, regrading v as a function of x we have

v+av = f(v),

which is separable. This equation can be solved via

/ dv / 1

— = [ —, dz.

f(v) —w T

We do the integrations, solve for v in terms of  and use y = xv to get the general solution.

Definition. A function of two variables, F'(z,y), is said to be homogeneous if F(tx,ty) =
F(z,y). This is equivalent to saying F'(x,y) depends only on the ratio of y to z, that is y/x.
This gives a way to test F'(z,y) to see if it depends only on y/z.

Example 2. Let F(z,y) = %?;/2 Then
t?x? + 3t%y* 2 + 3y?

F(tx, ty) = =
(b, ty) 2t2xy 2xy

= F(x,y).

Thus, F(x,y) is homogeneous. It may take some effort to put F(z,y) into the form f(y/x).
In this example,

lz 3y 1 3w
F = —_—— _—— = - .
(@) =5, 22 "2 T2

Example 3. Let F(x,y) = sin(zy). It is not homogeneous since

sin(txty) # sin(zy),
in general, that is for all values. For example, let z = 7/2, y = 1, and ¢ = 2. Then
sin(tzty) = sin(27) = 0, while sin(zy) = sin(7/2) = 1. Thus, this method cannot be applied
to the problem y' = sin(zy).

Example 4. Let’s go back to Example 2 and find the general solution to ¢y = F(x,y) =
22397 \We let v = y/x. Then

2zy
, 1 3v
Yy = % + ?
Now, using y = xv the Product Rule gives 4/ = v 4+ xv’. Thus, we have
v+ av = L + 3
2v 2

Thus,

dv_1+3fv _1+’U_1 1+
R WAL N WL S W UL I

Now we can separate the variables and integrate.

1 1 1
= [ —de==1 .
/% Udv /2 dz 2n\x! C
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For the dv integral, rewrite as

v 1 9
/1+Uzdv:§ln(1+v )+ C,

where we used the substitution u = 1 4 v?. Therefore,

In(1+v?) =In|z| + C.

Thus,
14 0? = lelHC — |z = Cx.
Thus,
v==4vVCr—1
Finally,

y=axv==xzvCxr—1,

is the general solution. Both the sign and the value of C' are to be determined by an initial
condition.

Note 1: The equation 1 + v? = Cx implies x is always positive or always negative.

Note 2: Our C' came from #e®, which can never be zero. In fact, our C' cannot be zero,
since otherwise y would be imaginary. Thus, for our general solution we should say C # 0.

Below is a computer plot of solutions for four different initial conditions.

NANNAN NV VW T
NN\ VYW T
NANNNNNN VTt r 777
NNANNANN NVt 77
NNNNNNN\NV W) 77777
NN r 77
NANNNNNNNS 1 7777777
NANNNNNNN M 777777777
VANNNNNNNMI /7777770717
VL LAV ANV ANNNZ 7 7 g g r
TTLTTTZ377 0NNV VeV VvV kLl
117777777 11VANN AN
777777777 11V ANNNYNNN NN
/////////%L\\\\\\\\\
77777777 1T VAN VNN NN
7777777010010V VNN
77777701 0L WA N VNN
777777000 1401V VN VN
77777010V VN VAN N
777710V WY VN A
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This was done in Maple. The command that generated it is below.

DEplot (diff (y(x),x) = (xA2+3*y(x)A2)/(2*xx*xy(x)),
y(x),x=-5..5,y=-5..5,
[ly(D=1], [y(D=-1], [y(-D=1], [y(-1)=-1]11,

linecolor=[red,green,blue,yellow] ,color=black) ;
In fact, this generated the following error message, four times.

Warning, plot may be incomplete, the following errors(s) were issued: cannot evaluate the
solution further left of .49999992, probably a singularity

Think about what that means.

8. LINEAR FIRST ORDER DIFFERENTIAL EQUATIONS (2.1)

First order linear differential equations are differential equations that can be placed
in the following form.

dy dy
7 = @)y +alz) or 4 p(a)y = ¢(z)
That is y' = F(x,y) is a linear function with respect to y, but not necessarily z. The solution

method involves a trick. We will illustrate with an example first and then develop a general
method.

Example 1. Consider ¢ + 2y = z. (You can check that it is not separable.) Let
w(z) = e*. Multiply through by pu.
¥y + 2%y = xe*. (%)
Now, watch closely. By the Product Rule (e**y)’ = e?*y/ + 2¢2*y. Substituting into (*) gives
(e*y)" = ze**.
Thus,

>y = /xem de = 1(z —1)e* + C.
(We used the Fundamental Theorem of Calculus of the left side and Integration by Parts on
the right side. Integration by Parts is just the Product Rule backwards.) Hence,

_x—l
Y=

+ Ce*.

The p(z) is called an integrating factor; it allowed us to integrate the equation and
then solve for y. But, where did it come from?

To find a suitable integrating factor consider what p(z) must do.

We need (uy)' = py’ + ppy.

We know (uy) = py' + p'y.

Thus, we want y/ = pup. But, this is a separable differential equation.
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/%du - /p(a:) da.

inlp = [ pla)do.

= tel @),
Since either 4+ works, we choose to use +. Thus,
plw) = el P,

Example 2. Solve ¢y’ + 2xy = z. (Note, this equation is separable. Do it that way too
and compare.)

Solution. Let p = el 2*dr = e* ¢ We let C' = 0 since we only need we one p to work
with. Now, u = e**. Now, we multiply the original equation by x on both sides to get
ey + 2we” y = xe .
Thus,

(e”y) = ze®

Now we integrate.
ery = /:ztem2 dr = %exz +C.

Finally, we solve for y to get,
Y= % + Ce™,

Example 3. Solve y + £ = 3.

Solution. Then p = +el 2% = 4 leHC = 4602 = Cz. We can choose C' = 1. [We are
just finding a solution to p//pu = 1/z, so clearly u = = works.]
Now we multiply both sides of ' + % = 3 by u = z to get

xy +y = 3x.
By the Product Rule (backwards) we have
(zy) = 3.
Thus,
Ty = 33’2 +C
The general solution is then
y = %x + %

Example 4. Solve 2y’ + 2y = —sinz, with y (%) = 4.

Solution. First, we divide through by x so that we have a linear type problem.

12 1
y +2y=—,snz.



Let pu = ef 297 = ¢2nlal = ¢na® — 22 Muyltiply through by u = 22 to get
22y + 22y = —xsinz.

Thus,
(z%y) = —wsinw.
Integration gives

2’y = —/xsinxdx:xcos:v—sinx—i-a

Thus, the general solution is

zcosx —sinzx + C
Yy = .

Now, set y(7/2) = 4 and solve for C.

T2

s T o n T
4 5 COS 5 SlIl2+C

(m/2)?

Since cos% =0 and sing = 1 we find that

C=1+nr2
Thus,
rcosT —sinx + 1+ 72
Y= 22

is the particular solution to this initial value problem.

Example 5. Solve ¢’ — 2zy = 4 with y(0) = 3. Estimate y(1).

:67f2:vd:r:

Solution. This is linear. Let e, Multiplying through gives

ey — 2y = e,

/
(e‘x2y> = de .

e‘”zy = 4/6_“72 dx.

cannot be done in closed form. The best we can do is to write
Affetdt+C

2

Thus,

Thus,

2

The integral of e~

y() p—

We use y(0) = 3 to find C.
5 4[00 e~ Pdt + C

—02
e 0

=C.

Thus, C' = 3. So, our particular solution to this initial value problem is

CAfedt+3

e’

y()

To estimate y(1) we will use numerical integration. I used this command in Maple 17,

15
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> int (exp(-tA2),t=0..1);

The output was %erf(l)ﬁ. Since I did not specify numerical integration the result is not
that helpful. The function erf stands for error function is is just defined to be 24/7 times
our integral. Next I'll specify to do the integration numerically.

> int(exp(-tA2),t=0..1,numeric=true);

The result is 0.7468241328. We now get
A fyePdt+3

e—1

~ 16.27515936.

y(1)

9. EXISTENCE AND UNIQUENESS (THEOREM 2.4.1)

Theorem 2.4.2, discussed above, takes a particularly simply form when applied to first
order linear differential equations. Consider

v+ @)y =g@) & ylz.) = yo. (%)
Let f(z,y) = —p(z)y + g(x). Then 0,f = —p(x). Thus, f and J,f are continuous exactly
when p and g are continuous. Hence, (%) has a unique solution whenever there is an open
interval (a,b) that contains x, on which p and ¢ are continuous. Furthermore, it can be

shown that the solution exist and is continuous on all of (a,b). See Theorem 2.4.1. in
Section 2.4 for details.

Example 1. Consider ' + -2z = 1. It will have a unique solution for y(z,) = y, as long
as x, is not 0 or 3.
If z, =1 the solution will be valid on (0, 3).
If 2y = 5 the solution will be valid on (3, c0).
If 29 = —m the solution will be valid on (—o0,0).

Example 2. Consider 3 +y cot z = x® with y(1) = 77. On what interval will the solution
be valid?

Solution. cotx is continuous except when =z = 0, £m, £2m,.... Notice that 1 € (0, 7).
Thus, the solution y(x) exists and is continuous on (0, 7).

10. EXAMPLE WITH JUMP DISCONTINUITY

We wish to find a continuous function y(t) that satisfies the initial value problem
v +2y=g(t) & y(0)=0,

where
0 for t<0,
git)y=< 1 for 0<t<1,
0 for t>1.



Perhaps ¢(t) is controlled by a switch and can be on or off.

Solution. Step 1. We find the general solution for ¢ < 0. We have ' +2y = 0. Thus, y(t)
Ce™?. Now, to have the final result be continuous and y(0) = 0, we need lim¢ — 0~ y(t) =
Since limt — 0~ Ce™* = (', it must be that C' = 0.

Step 2. We find the general solution for 0 < ¢ < 1. We have ¢y + 2y = 1. This is linear.
Let p = e?*. Then

0.

2yl 4 262y — 2

Thus,

Integration gives

Thus,
y=14Ce™

The condition that y(0) = 0 implies C' = —3. Thus,

for 0 <t < 1.

Step 3. For t > 1 we have y/ + 2y = 0. Thus, y = Ce 2. For the final solution to
be continuous we require this y(¢) match the previous y(t) at ¢ = 1. (Technically, we are
matching limits as ¢ goes to 1 from the left and right.)

1—e2

5 = (Ce 2.

It follows that this C is BQT_I ~ 3.4.
Step 4. We write out the complete solution and plot it.

0 for t <0,
y(t) = e ™ for 0<t<1,

627716_% for t>1.
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0.8
0.6
0.4
0.2

X

Perhaps there was a leak of a radio active substance from 0 <t < 1.

11. BERNOULLI EQUATIONS (PAGE 77)

Bernoulli Equations are equations of the form

y' +p(x)y = g(x)y".
The substitution v = y'~" will convert them into linear equations.

Example 1. Find the general solution to y' + 2y = y* (This is separable, but the
integration is hard.)

Solution. Let v =y~3. Then y = v~/3 and by the Chain Rule
Y = _%0—4/%/
Thus, the original equation becomes
_%0—4/31]/ Loy lB = 43,

Well, that does not look very promising, but multiply through by —3v*/3

v —6v = —3.

This is linear in v. You should be able to show that v = % + Ce % is the general solution.
Thus,

to get

y(z) = (% + 06—6513)*1/3’
is the general solution to the original problem.
Example 2. Find the general solution to t*y' + 2ty — y> = 0. Assume ¢t > 0. (Here y is a
function of ¢ instead of x.)
Solution. We can divide through by #? and convert the problem to
Y+ 2y =5y,

which is in the form of a Bernoulli Equation with n = 3. Let v = y~2. Then y = v~ /2 and
y' = —1v73/2y/. Thus, the original equation becomes

—%v_3/2v’ i %v_l/Q _ %21)—3/2_

Hence,
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which is linear. Check that u = ¢t=4. This gives
th — 4ty = =270

Hence,
th = —2/t—6 dt = 3t7° + C.
Thus,
v==2t""+ Ot
Finally,

—1/2 _

+1 +¢2
y =V = = .
\ECLH Ot (R4 C

Now that we have done a couple of examples, let’s check that this method does work in
general. We are given

n

y +p(x)y = g(x)y".
Let v = y'™™. Then y = vi=7 and

Multiply through by (1 — n)v% to get

v+ (1 =n)p(z)v = (1 —n)g(x),
which is linear in v. Solve it for v(z), then find y(z).

12. ANALYSIS OF SOLUTIONS: SLOPE FIELDS (1.1)

We shall study slope fields and direction fields. Given a differential equation of the form
d

% - f (l’ ’ y)

and a chosen grid of points in the zy-plane we can compute the slope y’ at each grid point

and then put a small line segment whose slope matches the slope we found. This allows use

to see how solutions behave without actually solving the equation for y(z). We have actually

seen computer plots of this already.

T4y

Example 1. Consider 3 = f(z,y) = . This is pretty easy to solve but here we

will just study the slope field. We will use an grid with = and y taking on all integer values
between —4 and 4. For example at the origin v/ = f(0,0) = 0. We make a table of slope
values.

f(=4,4) =0, f(—4,3) =1/3, f(—4,2) = 2/3, etc.
At each grid point we place a small line segment with the given slope. We normally use a
computer for this, but it is good to do a couple of examples by hand to get a feel for what
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is going on. We can use the slope field to sketch rough solution curves. See below. Notice

if y = —x — 3, then 4/ = —1. Since y = —x — 3 itself has slope —1 it should be a solution.
Check this.

—~— S .

-~

y

Nk

Below is a command in Maple to create the same slope field, except it used a finer default
grid. Three solution curves are also shown.

> DEplot(diff(y(x),x) = (x+y(x))/3,y(x),x=-4..4,y=-4..4,color=black,
arrows=line, [[y(0)=0], [y(0)=-3], [y(-4)=3]],1linecolor=red);
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Next we did the slope field using GeoGebra. You can use your cursor to move the solution
curve as you wish. See the link:

https://www.geogebra.org/m/W7dAdgqc

O] e aa Q=

¥ ] .
£rixy) =lx+y) 13 ¢ l!]c A B R e
X 4 X4 5
Yenin % Yenax 4
1 R 4 oS
Density @
Length | (@ ~ - TS VAR A AR A
dy ' r+vy -~ - = = AV RV
A 2
dx 3 N A R P R A
N~~~ =% sy

-9 -8 -7 -6 -5
Step size:/0.1 |

Solution A
W4 solution B
|| solutienc
|| solution D

Here is the same slope field using WolframAlpha. The link is
https://www.wolframalpha.com/input?i=slope+field+y’27+%3D+%28x%2By%29%2F3},2C+
-47%3Cx%3C47%,2C+-4%3Cy’3C4
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3% WolframAlpha

(x+Y)/3, -4<x<4, -4<y<4

| slope field y'

>3 RANDOM

% urLoAD

2% EXAMPLES

EH EXTENDED KEYBOARD

55 MATH INPUT

£ NATURAL LANGUAGE

Input interpretation

-4104

—4104

slope field

More points Slope field »

Fewer points

Result

Finally, here is code for doing a different direction field in matlab for the equation 3/
2z — y. Note: a direction field is the same as a slope field, but you have arrows instead of

line segments. The arrows give the direction of solution curve as z increases. (Think of z as

time. )

-2:3);

0.2

-3

:3,

[x,y] = meshgrid(-3:0 .2
2*X-y;

>> slope
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We will do several examples in class. On tests I often have a matching problem with a list
of equations and a series of slope fields.



