POSITIVE KNOTS AND ROBINSON’S ATTRACTOR

MICHAEL C. SULLIVAN

Abstract. We study knotted periodic orbits which are realized in an attractor of a certain ODE. These knots can be presented so as to have all positive crossings, but may not be restricted to positive braids.

1. Introduction

In [8] Clark Robinson analyzes the flow arising from the system ordinary differential equations below. ẋ = y ẏ = x � 2x^3 + αy + βx^2y + yz (1) ż = �γz + δx^2

He shows that there is a transitive attractor similar to that of the geometric model for the attractor of the Lorenz equations developed by Williams [10, 11] for parameter values, α = �0.71, β = 1.8690262, δ = 0.1, and γ = 0.6. This means that the periodic orbits of the attractor are smoothly isotopic to closed orbits that arise in a semi-flow on a branched 2-manifold [1]. Such a branched 2-manifold is called a template for the system. Robinson shows that the template for (1) has two bands each with a half twist. Using Mathematica the author has confirmed that the orientation of the twists are as depicted in Figure 1a. For convenience we isotopically embed the interior of this template into the template show in Figure 1b. The later template is denoted by L(�1, �1) in the notation of [12]. All of the periodic orbits in the attractor of (1) are in L(�1, �1), but not vice versa.

Figure 1. a) Template model of attractor, b) L(�1, �1)

In order to organize our study of the knots in L(�1, �1) we shall use words in the symbols x and y for each closed orbit. Every time an orbit passes through the left half of the branch line we record an x and for each

Date: March 27, 1997. 1

pass through the right half we record a y. For example, x^2y^2 corresponds to the orbit show in Figure 2. Because the semi-flow is expanding it is known that each word corresponds to just one closed orbit. This correspondence is one-to-one modulo cyclic permutations of the words [1].

Figure 2. A closed orbit with word x^2y^2

2. Positive Knots

Definition 2.1. A knot is positive if it has a presentation where the crossings are all of the same type. A knot is a positive braid if it has a braided presentation with all crossings of the same type.

Theorem 2.2. All the knots in L(�1, �1) are positive, but they are not all positive braids.

Proof. We perform a type of surgery on L(�1, �1). We cut open along an exiting orbit and then isotope the template as shown in Figure 3. The details of this now standard procedure can be found in [3]. The point is that the knot types of the closed orbits have not been altered. From Figure 3 it is clear that each closed orbit can be presented so as to have only one type of crossing.

Now consider the orbit with word xy^4x^2yx^4y^2. It can be presented as the following braid on four strands, (32233232221¯4)^2. A calculation shows that its Conway polynomial has leading coefficient 3. Hence it is not a positive braid by [9]; see also [2].

Corollary 2.3. The L(�1, �1) template does not contain all knots.

Proof. It is known that nonpositive knots exist. The figure-8 knot is an example. See [2].

Remark 1. A template is said to be universal if it contains all knots and all links. Rob Ghrist has proved the existence of universal templates and studied many examples [4]. He has also shown that L(�1, �1) does not contain all links, by computing a bound of the linking number [3, page 93]. Until now all known examples of templates not containing all knots were either positive braids (i.e. all the knots were positive braids) or all the knots were satellites of a nontrivial knot. Thus, the positivity of L(�1, �1) represents a new type of obstruction to universality for templates.

Figure 3. Surgery on L(�1, �1)

3. Composite knots

The L(�1, �1) template seems strange in another way. It contains composite knots. Figure 4 gives an example. The knot is shown on the final template of Figure 3. Its word on L(�1, �1) is x^4y^4. We conjecture, however, that the range of composite knots on L(�1, �1) is rather narrow. To explain what we mean by this a couple of definitions are needed.

A word of a closed orbit on L(p, q) is always a concatenation of syllables of the form x^my^n. The trip number of a closed orbit is the minimum number of syllables of words in the permutation class of words representing the closed orbit. Thus, the trip number is the number of times an orbit pierces the xzplane in the canonical coordinate system. We conjecture that all composite knots in L(�1, �1) have trip number one.

The template L(�1, �1) is a branched double cover of L(0, 1). See Figure 8. The L(0, 1) template has been studied extensively as it arises in the study of a suspension flow of Smale’s horseshoe map [7, 6, 5]. The knots on L(0, 1) are often called horseshoe knots. It is known that they are prime positive braids [12]. For trip one horseshoe knots we can also report the following.

Lemma 3.1. Trip one horseshoe knots are torus knots.

Proof. First, notice that the knot type of x^my^n (on L(0, 1)) is independent of m. Henceforth, we will only work with words of the form xy^n. Let γ be such a closed orbit. Let ŷ be the point where the orbit with word y meets the branch line. Let y_1, ..., y_i, y_{i+1}, ..., y_n be the n points where γ intersects

Figure 4. The connected sum of two trefoils

the right half on the branch line. Assume the ordering is consecutive with y_1 left most, y_n right most, and y_i < ŷ < y_{i+1}. From y_n the orbit γ heads back to the left half on the branch line. It is also clear that in order to have a complete circuit, γ must land on y_i or y_{i+1} when coming around the left band to the right half of the branch line.

To aid in visualization we have split the template open along the y orbit. See Figure 5.

We will divide the proof into two cases, n even and n odd. Suppose n is even. Then as γ comes around on the left band it must land on y_i. In Figure 6 we have deleted parts of the template that are not used by γ. Figure 6 also shows how to place (isotopically embed) this portion of L(0, 1), which is not branched, into a torus. Hence, γ is a torus knot.

Now, suppose n is odd. Then as γ comes around on the left band it must land on y_{i+1}. In Figure 7 we have deleted parts of the template that are not used by γ. Next, since only one arc of γ passes around the left band on L(0, 1), we can replace the loop indicted in Figure 7 with a loop of different twist without changing the knot type of γ. This too is shown in Figure 7. The new surface, which is unbranched and supports γ can then be placed into a torus as is shown in the last part of Figure 7. Hence, γ is a torus knot.

Figure 5. L(0, 1) split along y

Figure 6. Surface fits around a torus

Figure 7. Modified surface fits around a torus The trip one knots on L(�1, �1) are connected sums of trip one horseshoe knots of the form xy^n. Thus, we conjecture that the composite knots on

L(�1, �1) have only two prime factors, each of which is a torus knot. If so,

then the same is true of the knotted orbits in Robinson’s attractor.

Figure 8. Template on the right, L(�1, �1), is seen to be a double branched cover of L(0, 1).

Acknowledgements. I would like to thank Randy Hughes for help with Mathematica, Masahico Saito for pointing out reference [2], and Clark Robinson for answering my e-mail questions about his paper [8].

References

[1] J. Birman and R. F. Williams. Knotted periodic orbits in dynamical systems I:

Lorenz’s equations. Topology, 22(1):47–82, 1983.

[2] P. R. Cromwell and H. R. Morton. Positivity of knot polynomials on positive links.

Journal of Knot Theory and its Ramifications, 1(2):203–206, 1992. [3] R. Ghrist, P. Holmes, and M. Sullivan. Knots and links in three-dimensional flows, volume 1654 of Lecture Notes in Mathematics. Springer-Verlag, New York, NY, 1997.

[4] Robert W. Ghrist. Branched two-manifolds supporting all links. Topology, 36(2):423– 448, 1997.

[5] Robert W. Ghrist and Phil Holmes. Knots and orbit genealogies in three dimensional flows. In Bifurcations and Periodic Orbits of Vector Fields, pages 185–239. Kluwer Academic Press, 1993. NATO ASI series C volume 408.

[6] Phil Holmes. Knotted periodic orbits in suspensions of smale’s horseshoe: Period multiplying and cabled knots. Physica, 21D, 1986.

[7] Phil Holmes and R. F. Williams. Knotted periodic orbits in suspensions of smale’s horseshoe: Torus knots and bifurcation sequences. Arch. Rational Mech. Anal., 90, 1985.

[8] Clark Robinson. Homoclinic bifurcation to a transitive attractor of Lorenz type. Nonlinearity, 2:495–518, 1989.

[9] James M. van Buskirk. Positive knots have positive Conway polynomial. In D. Rolfsen, editor, Knot theory and Manifolds, volume 1144 of Lecture Notes in Mathematics. Springer-Verlag, 1983. Proceedings of a Conference held in Vancover, Canada, June 2-4, 1983.

[10] R. F. Williams. The structure of Lorenz attractors, volume 615 of Lecture Notes in Mathematics, pages 94–112. Springer-Verlag, New York, 1977.

[11] R. F. Williams. The structure of Lorenz attractors. Inst. Hautes Etudes Sci. Publ.

Math., 50:73–99, 1979.

[12] R. F. Williams. Lorenz knots are prime. Ergod. Th. & Dynam. Sys., 4:147–163, 1983.

Department of Mathematics (4408), Southern Illinois University, Carbondale, IL 62901, USA, msulliva@math.siu.edu, http://nkrs465.math.siu.edu/¸mike